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ABSTRACT
Integrating travelers’ preferences in a trip planner is important in modeling and
simulating realistic choice behavior of a transit route. Particularly, there have been
growing concerns on the benefits of multimodal trip planning considering the pref-
erence of vulnerable road users (VRU)s on first- and last- miles (e.g., sidewalk) and
on-transit travel time, which has been neglected in commercial trip planners. This
multimodal trip study integrates the path planning of accessible sidewalk and the
transit routes considering VRUs’ risk-tolerance for in-vehicle travel time uncertain-
ties. The travelers’ utility includes variables such as sidewalk condition, waiting time,
the number of transfers, and the total travel time considered in prior efforts. An ex-
ponential function approximated by the mean-variance utility function is adopted to
model the extent of inconvenience due to in-vehicle travel time uncertainties that the
traveler is willing to experience. To find a travelers’ optimal strategy, the proposed
model is formulated as a utility maximization problem. A realistic assessment of the
effect of the user-defined preferences on a travelers’ path choice is presented for a
section of the Boston transit network, with schedule data from the Massachusetts
Bay Transportation Authority.

KEYWORDS
route choice, public transit, travel time uncertainty, accessible sidewalk,
risk-tolerance

1. Introduction

Most multimodal transit trip planners recommend the shortest sidewalk path to users
in the context of getting to/from transit stops. However, there have been growing
concerns on the benefits of multimodal trip planning considering the preference of
vulnerable road users (VRU)s on first- and last- miles (e.g., sidewalk), which has been
neglected in commercial trip planners. VRUs, here defined as individuals with mobility
issues such as elderly persons or wheelchair users. This study addresses these concerns
by considering the travelers’ preferences in sidewalk accessibility in getting to/from
transit stops. As shown in Figure 1, three representative commercial trip planners have
limitations providing routes that are custom-tailored to an individual’s unique needs
and capabilities (a) North Carolina Go Triangle is not multimodal, (b) Google cannot
integrate wheelchair options with the transit (case-by-case for each city database),
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(c) Massachusetts calculates the non-personalized wheelchair path options. Using the
current features of that software, we can enhance the application platform to provide
highly personalized guidance.

(a) Full and flexible not multi-

modal

(b) Cannot integrate wheelchair

user

(c) Calculates non personalized

wheelcahir path options

Figure 1. Commercial Trip Planners Lacking in Three Perspectives

At the transit stop, multiple vehicles/routes provide the traveler with different op-
tions. Several studies (Szeto and Wu 2011; Jackson and Jucker 1982) found that travel
time uncertainty affects travelers’ route choice. While the impact of travel time un-
certainties on a traveler’s route choice has been considered (Attanasi et al. 2013), no
well-established effort has integrated a traveler’s risk-tolerance to the travel time un-
certainties in the transit links. Integrating the inconvenience due to in-vehicle travel
time uncertainties that the traveler is willing to experience is essential to providing
rational routes to a traveler’s attitude to on-transit delays. This research contributes
to the existing normative travel strategy development efforts by

• Incorporating the travelers’ preference to sidewalk accessibility to/from transit
stops in first- and last- mile problem.

• Integrating the traveler’s risk-tolerance to in-vehicle travel time uncertainty.

This study discusses how transit network uncertainty (e.g., in-vehicle travel time uncer-
tainty) connect to an traveler’s risk-tolerance. The well-established hyperpath frame-
work (Nguyen, Pallottino, and Gendreau 1998; Noh, Hickman, and Khani 2012; Khani
et al. 2014; Verbas, Mahmassani, and Hyland 2015; Opasanon and Miller-Hooks 2001)
is used to define the feasible paths satisfying the preferred arrival time (PAT) of the
traveler.

The structure of the remainder of this paper is as follows: Literature Review provides
a review of related work on sidewalk navigation and transit path choice. Methodology
formulates the transit choice model considering the sidewalk accessibility measure,
transit network modeling techniques, the integration of the traveler’s risk-tolerance,
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followed by the solution approach. Numerical example presents the effects of (1) travel-
ers’ preferences on optimal sidewalk path, (2) the degree of risk-tolerance on in-vehicle
travel time uncertainty, and (3) the result of a real-world example of the proposed
method.

2. Literature review

2.1. Walk-stage

Pedestrian navigation systems have considered users physical and mental condition
influencing the choice of sidewalk path. Typically, Dijkstra’s algorithm was used on
pedestrian networks with identified non-traversable routes (Izumi, Kobayashi, and
Yoshida 2007). In addition, each sidewalk segment was weighted based on factors in
Inada et al. (2014). Undoubtedly, navigation systems that integrate user preferences
find routes that are more suitable for vulnerable road users than the shortest routes
(Kasemsuppakorn et al. 2015). The ongoing Vulnerable Road User Mobility Assistance
Platform (VRUMAP) (Owens and Miller 2018) enable users to save personal infor-
mation relevant to transportation needs (e.g., stamina and ability to traverse uneven
terrain). Figure 2 shows VRUMAP combining personal information with publicly-
available information about route nodes, elevation changes, weather, traffic etc., to
provide personalized route guidance for users.

Weather

Traffic

Capabilities

Transit Info

Accessibility

Road Slope

VRUPODInput Destinations: 
• Broken sidewalks 
• Curbs without cuts 
• Busy roads no sidewalks 
• High elevation 
• Construction closures

Figure 2. Vulnerable Road User Mobility Assistance Platform (VRUMAP) and the Role of VRUPOD Routing

Figure 3. Prototype Interface of VRUMAP
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As shown in Figure 3, sidewalk paths are developed using a series of location nodes,
with weights for segments between nodes being associated with individual needs and
capabilities. For example, a segment with a steep elevation change or stairs would have
a strong negative weighting for a person who uses a wheelchair. This paper focuses
on integrating the pedestrian navigation of VRUMAP with transit route choice. The
extension of VRUMAP, which will be called VRU Personalized Optimized Dynamic
(VRUPOD), is accomplished by considering the traveler’s preferred arrival time at the
final destination when finding the optimal sidewalk path in the first- and last-miles.

2.2. Transit-stage

Research in route choice in transit networks has received considerable attention due to
its broad impact. The optimal route strategy in a time-dependent stochastic network
depends on the travelers’ arrival time at intermediate nodes (Hall 1986). A graph-
theoretic framework can be used for a transit stop with multiple lines to model a
traveler’s route choice at the stop (Nguyen and Pallottino 1988). The total travel time
for a route and the waiting time at transit stops are considered important for attractive
lines when choosing the minimum expected cost in the route choice problem (Spiess and
Florian 1989). To assess the effect of real-time information on travel choices, Hickman
(1993) developed travel strategies at the beginning of a trip for static and dynamic
scenarios. Tarun, Boyles, and Waller (2016); Šingliar and Hauskrecht (2007) extended
the work of Hickman (1993) by providing optimal transit choices at intermediate stops
given real-time predictive information of buses. Hamdouch, Szeto, and Jiang (2014)
and Jiang and Szeto (2016) further provided a comprehensive approach to transit
route choice by considering supply uncertainties. In this paper, above listed, stochastic
nature of the transit schedules and in-vehicle travel times due to road conditions,
incidents, or adverse weather is incorporated into the formulation of the transit route
choice model for travelers. While the effect of uncertainties (e.g., in-vehicle travel times
and waiting times) of transit networks on route choice were considered, travelers’ risk-
tolerance, the inconvenience due to in-vehicle travel times uncertainties travelers are
willing to experience, has not been considered. Generally, the traveler’s preference for
the uncertain, risky route alternatives may be ranked according to a utility function,
assigning a real number to each alternative. Since larger rewards are always preferred,
utilities whose evaluation increases exponentially are preferred (Howard and Matheson
1972). This study develops the exponential function for modeling a travelers’ risk-
taking behavior to in-vehicle travel time uncertainties.

3. Methodology

This section presents the framework of the first/last mile problem with transit choice
developed in this study. We consider the traveler’s preferences concerning several pa-
rameters in a sidewalk accessibility measure and discuss the dynamics of the transit
network. The formulation of travelers’ utility function is accomplished by incorporat-
ing the travelers’ risk-tolerance to in-vehicle travel time uncertainty. In the proposed
framework, a backward search approach is adopted to solve the optimal path choice.
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3.1. Sidewalk accessibility measure

Consider a traveler in a transit network, as shown in Figure 4. The spatial region
shows a subset of potential transit stop between the traveler’s origin and destination.
The most accessible sidewalk path for all first/last-mile scenarios is computed from
an accessibility measure defined for the sidewalk segments following the American
Disability Association (ADA) standard for sidewalk parameters.
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Figure 4. First mile/last mile problem with transit choice showing access from origin to transit origin stops

and egress from transit destination stop to destination within a defined spatial region.

The accessibility factors used for individuals with disabilities are described in Table
1. Relating to previously established research (Hashemi and Karimi 2017; Karimi,
Roongpiboonsopit, and Kasemsuppakorn 2011; Kasemsuppakorn and Karimi 2008;
Shirzad et al. 2020), we develop five parameters: width, length, slope, sidewalk surface
type, and weather condition to characterize the accessibility of each sidewalk segment.

Table 1. Sidewalk Parameter Selection Criteria for Vulnerable Road Users
Sobek and Kasemsuppakorn and Kasemsuppakorn Hashemi and
Miller (2006) Karimi (2008) et al. (2015) Karimi (2017)

Width X X X X
Length X X X X
Slopes X X X X
Steps X X
Surface
Type

X X

Surface
Condition

X X X

Sidewalk
Traffic

X X X X

Curb Cut
Feature

X X

Ramps
Feature

X

Uneven
Surface

X
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The sidewalk network in the defined spatial region is represented as a graph G =
(N,E) where n ∈ N is the set of nodes and e ∈ E is the set of edges. By assuming
a spatial region (Radius (R) equal to the distance between nearest stop and origin
(destination)) we reduce the search space and also prevent finding infeasible solutions
for sidewalk path due to the long distance. A traveler can move from node n to node
n′ if an edge connects the two nodes. The cost of each edge (Equation 1) is based on
parameters that define sidewalk accessibility for that edge for the traveler.

C(e)(t) = Ww(t)Sw(e) +Wl(t)Sl(e) +Ws(t)Ss(e)Swc(e) +Wsf (t)Ssf(e)Swc(e), (1)

where Sw, Sl , Swc, Ss, Ssf are scores for width, length, weather condition, slope and
surface type, respectively. Ww ,Wl ,Ws ,Wsf are weights for width, length, slope and
surface type. The score S of each parameter is obtained by normalizing the actual
values of the parameter, written as:

S =
x−min(x)

max(x)−min(x)
, (2)

where x is the actual values of each parameter. Five surface types are considered based
on field survey, are concrete (best), asphalt, brick, cobblestone, and gravel (worst).
Three levels of weather conditions considered are sunny (best), rainy, snowy (worst).
The objective is to find the optimal sidewalk path p∗ that minimizes the total cost for
a given origin-destination pair (no, nd). The pair (no, nd) may represent the travelers’
origin to the first transit stop, transfer path, or from the last transit stop to destination.
Using Equation 1, a simple backward search approach may be used to compute the
optimal sidewalk path independently.

Analytic Hierarchical Process. We use the Analytic Hierarchy Process (AHP) to
decide how important (weights) a parameter is than another. In the proposed method,
weights are obtained for each factor of sidewalk using a square matrix A which is the
pairwise comparison matrix. Each cell of matrix (aij) in row i and column j denote
how much more important factor i is than j factor.

A =


1 a01 a02 a03

1/a10 1 a12 a13

1/a20 1/a21 1 a23

1/a30 1/a31 1/a32 1

 (3)

If factor 1 is five times more important than factor 2, then factor 2 is one fifth as
important as factor 1. Generally, n(n−1)/2 comparisons are required in which diagonal
elements are equal to 1, and the other elements will simply be the reciprocals of the
earlier comparisons. This method uses the comparison matrix to assign an estimated
weight to each pedestrian parameter based on the preferences of VRUs.

3.2. Transit network representation

Transit networks are described through nodes representing the origin, destination,
and transit stops along a route, and edges representing the condition of the road or
sidewalk between the nodes. Different times of the day are associated with different
degrees of uncertainty in link travel time.
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In-vehicle travel time uncertainty. Historical time at each location data from
archived automatic vehicle locator (AVL) data, also known as retrospective GTFS
data, is used in this study to characterize the travel time uncertainty for a given
vehicle run for both links and routes in the transit network. Vehicle run refers to the
daily assignments for an individual bus. Considering Figure 5, let I be the set of transit
stops along the route and R the set of vehicle runs allocated to the route. AAT ri is
the actual arrival time of vehicle run r ∈ R at stop i ∈ I. The experienced in-vehicle
travel time (IV TT ) between transit stops i and i+ 1 for vehicle run r is given by

IV TT ri,i+1 = AAT ri+1 −AAT ri .

If N is the number of days/periods for recording observations for vehicle run r, then

i i+1 i+5…….

r

n

Physical link

Transit stop

            Vehicle run r ∈ R

            Observation day/periodn ∈ N

Transit vehicle direction

Figure 5. A transit route with multiple stops showing how the experienced travel time for vehicle run r is
aggregated over several observation periods or days N and used to estimate link and route level travel time

uncertainty.

the mean (µ) and standard deviation (σ) for IV TT between transit stops i and i+ 1
is estimated as:

µr(i,i+1) =

∑N
n=1 IV TT

r
(i,i+1),n

N
,

and the standard deviation for IV TT is estimated as:

σr(i,i+1) =

√√√√∑N
n=1

(
IV TT r(i,i+1),n − µ

r
(i,i+1)

)2

N
.

For the case of a normally distributed IV TT for link l, v(µl, σ
2
l ), then similar to the

random network formulation presented in Polychronopoulos and Tsitsiklis (1996), the
total IV TT for two or more consecutive links in the path P is the sum of link travel
times forming path P. Thus, the total IV TT of path P is selected from the normal
distribution function v(µP, σ

2
P), where µP =

∑
P µl and σ2

P =
∑

P σ
2
l .

Space-time transit network. A transit network, represented by a route service
graph is extended to a node-based time expanded graph to capture temporal infor-
mation provided through the transit schedule data (Figure 6). Nodes have space-time
coordinates representing the different times of transit vehicle availability according to
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Figure 6. A Node-based representation of a transit network showing the time expanded transit stop node.

the schedule data. The links connects these nodes to indicate the vehicle run trajec-
tory between consecutive stops. In-vehicle travel time and walking time links are used
to indicate movement from one node/stop to another node/stop. The uncertainties in
travel time for each link/route is represented through the mean and variance of the link
or route travel time distribution. The node-based time expanded graph can be used to
determine travel strategies at certain nodes to provide en-route path choice options.
To determine the travel strategies, we adopt the vehicle run hyperpath representation
(Nuzzolo and Comi 2017) with a modification to account for travelers’ risk-tolerance
to link/route travel time uncertainties. Given an origin r - destination s pair (r, s),
a preferred arrival time (PAT), and an arrival time window dt, we generate the set
of all feasible paths hrs in hyperpath H from the transit schedule data, specifying a
set of attractive lines and vehicle runs for every stop. The best path from stop i will
maximize the travelers’ travel utility from stop i to destination s.

3.3. Risk-tolerance for travel time uncertainty in transit links

The traveler with risk-tolerance for travel time uncertainty is viewed as a decision-
maker making a choice among a set of alternative routes at the trip’s current state.
Each alternative will have an associated cost or reward (e.g., IV TT ). According to
the theory of rational behavior (Morgenstern and Von Neumann 1953), we propose a
utility function that describes the traveler’s preference. This function can be identified
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and is unique. The traveler’s risk-tolerance to travel time uncertainty in transit links
is formulated in the exponential utility function as

u (τ) = −(sgn(λ))e−λτ , (4)

which is increasing and concave. sgn is the sign of λ.

u′(τ) =
du

dτ
= λe−λτ > 0, and u′′(τ) =

d2u

dτ2
= −λ2e−λτ < 0.

The local measure of risk-tolerance, known as the Arrow-pratt measure of absolute
risk-aversion at τ , is

−u′′(τ)

u′(τ)
= λ.

The values of λ 6= 0 represents the risk-tolerance coefficient.
Mean-variance approximation. The uncertainties in IV TT on a link/route is

transformed through the utility function in Equation 4. The goal of travelers with a
given risk-tolerance is to find the path P that maximizes their expected utility for
IV TT . For the case of a normally distributed IV TT , the probability density function
is written as:

f(IV TT ) =
1

σ
√

2π
e−

1

2( IV TT−µσ )
2

. (5)

The expected utility for IV TT can be written as (see Appendix A for proof)

EU(IV TT ) = −e−λ
(
µ−λσ2

2

)
. (6)

The objective of the traveler is to maximize the difference between the mean and
variance of IVTT

µP −
λσ2

P

2
, (7)

known as mean-variance approximation, representing the balance between mean and
variance of IV TT for path P.

3.4. Trip disutility components

The assumed trip disutility components of interest for feasible path h ∈ H includes:
the total walking time (Thwt), total utility of optimal sidewalk path (Thc ), the total
number of transfers (Thf ), total waiting time at stops (Thw), and the risk-tolerance on

total in-vehicle travel time uncertainty(ThIV TT ). These four components considered are
computed by the following steps:

Risk-tolerance for IVTT uncertainty. We evaluate different path alternatives
using the mean-variance approximation with two main implications 1) lower the ex-
pected IV TT and 2) lower the variance for IV TT . For the physical transit roadway
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hP in feasible path h, the estimated total IV TT utility for traveler with risk-tolerance
coefficient λ is given as

ThIV TT =
∑
l∈hP

(µl −
λσ2

l

2α5
),

where l ∈ P is set of links that make up P.
Sidewalk accessibility. Considering the optimal sidewalk path p∗ for origin to

first transit stop, between transfer path, or from last transit stop to final destination,
the estimated total walking time Thwt along feasible path h is computed as

Thwt =
∑

p∗∈hp∗
twt(p

∗),

and the utility of sidewalk path p∗

Thc =
∑

p∗∈hp∗
tc(p

∗),

where hp∗ is the set of optimal sidewalk path in feasible path h.
Waiting time. Feasible path h ∈ H may have a number of stops including the

origin stop, where the traveler will have to board a public transit, and transfer stops
where travelers alight and board vehicles along h. Travelers therefore wait if the re-
quired vehicle has not arrived at transit stop i. The estimated total waiting time Thw
at transit stops i along feasible path h is given by

Thw =
∑
i∈hi

tw(i),

where hi is the set of transit stops (origin stop and transfer stops) along h.
Number of transfer. The total number of transfers Thf for feasible path h is given

by:

Thf =
∑
f∈hf

tf ,

where hf is the set of transfer points along feasible path h.
Travelers’ expected total utility. Assuming the standard additive utility struc-

ture, the developed transit routing utility function for evaluating the set of feasible
paths h ∈ H for a given degree of risk-tolerance, is given as

Uλ(h) = α1T
h
wt + α2T

h
c + α3T

h
f + α4T

h
w + α5T

h
IV TT , ∀h ∈ H (8)

where α1, α2, α3, α4, α5 < 0. The goal is to find the optimal path h∗ that maximizes
the travelers utility U(h∗) from origin (r) to destination (s).

arg max
h∈H

Uλ(h) (9)
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The general procedure for finding the optimal path that considers the travelers’ pref-
erence concerning the sidewalk condition and the inconvenience they are willing to
experience due to in-vehicle travel time uncertainties is shown in Figure 7.

Input: 
Origin-Destination,  

PAT, user preference, risk-tolerance

Find nearest transit origin stop, and  
destination stop 

Construct spatial region from origin to 
origin stop, and from destination to destination stop 

Generate feasible path alternatives using PAT from 
origin to final destination

Backward search for optimal path  using 
Equations 8 and 9

h*

Figure 7. General procedure for optimal path search considering user preferences and risk-tolerance

4. Numerical Example, Results, and Discussions

This section evaluates the developed framework under different conditions of trav-
elers’ preference concerning sidewalk condition and risk-tolerance coefficient. Also,
we present an evaluation of a real-world transit network to highlight the impact of
the sidewalk condition and in-vehicle travel time uncertainties on the travelers’ path
choices.

4.1. Transit network description

Considering a simplified representation of a section of the Boston transit network, the
choice set satisfying a preferred arrival time (PAT) of 6:30 AM is constructed using
Massachusetts Bay Transit Authority’s (MBTA) General Transit Feed Specification
(GTFS) dataset. The bus lines 43, 55, and 10, which meet the traveler’s destination
specification, are considered. Lines 43 and 55 are shown in figures 8a and 8b, and their
schedules shown in figures 8c and 8d.
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(a) Route 43 (b) Route 55

(c) Schedule for route 43(weekday) (d) Schedule for route 55(weekday)

Figure 8. Routes and sample schedule data for route 43 and 55 from Boston transit

(https://www.mbta.com/schedules).

4.2. User-preference based sidewalk accessibility measure

To characterize the sidewalk network around the nearest transit stop, we utilize side-
walk data from the Boston sidewalk inventory (Table 2). The fields of the sidewalk
inventory are described as follows: SWD ID: unique ID associated with each sidewalk
segment; WIDTH: average width of the sidewalk; LENGTH: length of the sidewalk;
SLOPE: average cross slope (perpendicular to the path of travel) in degree; and MAT:
primary sidewalk material (CC- Cement Concrete, BC - Bituminous Concrete). We
utilize survey data (Kasemsuppakorn et al. 2015) of the preferences of four different
users and estimate each sidewalk parameter’s weight using the AHP approach. To
summarize, the four users’ preference data can be described as; User1: High regard
for low elevation, Low regard for travel time. User2: High regard for a wide sidewalk.
User3: High regard for sidewalk surface type. User4: High regard for travel time.

Figure 9 shows the independently computed optimal sidewalk path connecting an
origin and nearest transit stop from the users’ origin (destination) for the four users
in an 8 × 8 sidewalk grid network. As observed, path suggestions are affected by the
users’ preferences. In the general transit path finding framework, several alternative
sidewalk paths are generated for each user, with the path’s feasibility determined by
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Table 2. Sample Boston Sidewalk Inventory Database
SWD ID WIDTH LENGTH SLOPE MAT
15739 4 931.9775324 3.9 BC
5439 8 282.649369 3.8 BC
4777 17.5 1662.671837 0.8 BC
4778 17 1561.205981 1.8 BC
4779 18.5 1791.473169 0.7 BC
4949 15.2 1416.268866 2 CC
4948 15.5 1226.37165 1.5 CC
5476 12 312.5817051 3.9 CC
5475 14 306.143638 3.9 CC

the users’ preferred arrival time (PAT) at the final destination. If a sidewalk path does
not allow the traveler to board a transit vehicle that will arrive within the PAT, then
that sidewalk path is not considered.

0 1 2 3 4 5 6 7 8
Distance/ft

0

1

2

3

4

5

6

7

8

Di
st

an
ce

/ft

Non-Traversable

Origin

Destination
User1
User2
User3
User4

Figure 9. Sidewalk path variation for four users with preferences for the same O-D

To evaluate the proposed sidewalk accessibility model independently, we conduct
two experiments for different origin-destination in the 8 × 8 sidewalk grid network and
then compute the total score for sidewalk surface type and slope. The computed total
score from the sidewalk accessibility model (VRUPOD), is compared with the shortest
path. In the first test, the user is assumed to have a high preference for sidewalk surface
type; the lower the sidewalk surface type score, the better the sidewalk path. In the
second test, the user is assumed to have a high preference for sidewalks with low
elevation; the lower the sidewalk slope score, the better the sidewalk path. Figure 10a
and 10b shows the comparison bar graphs for surface type and slope scenarios. Figure
10a shows that 85.71 percent of sidewalk paths recommended by the VRUPOD method
have the lowest average sidewalk surface type score. In the second test, as shown in
Figure 10b, 71.42 percent of sidewalk paths recommended by VRUPOD have the
lowest average sidewalk slope score.
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(a) Total sidewalk surface type score (b) Total sidewalk slope score
Figure 10. Total sidewalk score comparison for VRUPOD and Shortest Path.

4.3. Estimation of vehicle run travel time uncertainties

Using retrospective GTFS real-time data, a temporal aggregation of link-level travel
time is used to estimate the IV TT uncertainty. Retrospective GTFS data captures sig-
nificant travel time variations for each vehicle run, providing a more realistic represen-
tation of travel time uncertainties (Figure 11). A statistical measure of each link-level
by mean travel time and standard deviation are constructed from the data aggregated
over a defined time period (weekend omitted). The link-level representation of travel

(a) Day to day mean travel time for route 43 (b) Standard deviation of travel time for route 43.

(c) Day to day mean travel time for route 55. (d) Standard deviation of travel time for route 55
Figure 11. Estimated day to day IVTT variability for routes 43 and 55 from MBTA using historical time at

location AVL data.
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time uncertainty is easily extended to multiple consecutive links or to the route. The
estimated IV TT uncertainty from this section is input to the mean-variance utility
component of the traveler’s utility function.

4.4. Impact of risk-tolerance behavior on travelers route selection

The proposed risk-tolerance evaluated using the mean-variance approximation de-
scribes the inconvenience travelers are willing to experience due to the uncertainties.

(a) Travelers’ utility considering risk-tolerance (λ =

0.6).

(b) Variation of travelers’ utility for different degrees

of risk-tolerance.

Figure 12. A 3-dimensional representation of the effect of travelers’ risk-taking behavior on travel time
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Figure 13. Variation of indifference curves for a traveler considering risk-tolerance (λ = 0.6).
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Figure 12a shows that the magnitude of the mean and standard deviation of the
travel time affects the optimal route choice for a given range of risk-tolerance. Trav-
elers’ utility increases with decreasing uncertainty (i.e., standard deviation) in travel
time, indicating that travelers prefer routes with less volatility. Figure 12b shows that
the higher the risk-tolerance coefficient (λ), the higher the traveler’s sensitivity to
IV TT uncertainties. Travelers with a higher risk-tolerance coefficient are less likely to
select options with a high standard deviation. For example, for the same uncertainty
profile (e.g., µ = 10, σ = 20), the traveler with a risk-tolerance coefficient of 0.2 has
a higher value for utility (≈ -100) than the traveler with a risk-tolerance coefficient of
0.6 (utility ≈ -160).

The indifference curves shown in Figure 13 provides a 2-D contour representation
of the travelers’ utility to IV TT uncertainty. Points on a curve represent different
combinations of the mean and standard deviation of travel time. The choice of travelers
is indifferent to uncertainty profiles (µ and σ of IV TT ) with the same utility. In other
words, the traveler would be indifferent to choosing among routes having the same
utility. Such alternatives present the same level of inconvenience the traveler is willing
to experience.

4.5. Results of hyperpath considering degree of risk-tolerance

The coefficients (α1 = −0.4, α2 = −0.1, α3 = −0.2, α4 = −0.1, α5 = −0.2) for the
components of the travelers’ utility function are selected from a purely theoretical
stand-point (Modesti and Sciomachen 1998). We assume a destination stop 10, PAT
= 6:30 AM, and dt = 15 min. Figure 14 describes the results for trips from all stops
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Figure 14. Modified physical representation of route 10, 43 and 55 from MBTA showing common points. The

results of Hyperpath with Uλ for selecting minimum risk path at any given stop. SID: Stop ID, SS: Successor

Stop, AR: Attractive Run, DT: Departure Time, LDT: Latest Departure Time to ensure arrival within PAT,
tf :Transfer. Blue text in the figure shows run (strategy) that will be recommended for a risk-averse traveler
with λ = 0.2.
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(origins) to one designated destination (All-to-one) for a modified representation of
the transit network with three routes (10, 43, 55), ten stops, and two transfer stops (4,
6). Each route has a total of 4 trips that contribute sub-paths satisfying the PAT. twt
and tc between stops 4-5, 5-6, and 6-7 are calculated by first computing the optimal
sidewalk path p∗. tw at stop i for feasible path h is calculated by subtracting the
arrival time of traveler at a stop i from the actual departure time of attractive vehicle
run at that stop. The mean and variance for IV TT for each physical path P for
feasible path h is computed from results of the GTFS data (Figure 11), equal to the
sum of mean travel time and variances of links making up path P. In the case where
vehicles are instructed to wait at stops with arrival time less than scheduled departure
time (SDT), the normally distributed IV TT between two consecutive stops (Section
3.2) will mostly lead to a log-normally distributed delay. In other words, the actual
departure time delay ari for vehicle run r at stop i is potentially right-skewed. The
probability density and cumulative distribution functions, as shown in figure 14 is
written as:

d(µi, σ
2
i )
r =

1√
2πσari

e
− 1

2

(
ln(ari )−µ

σ

)2

. (10)

Given the delay distribution d(µi, σi)
r, the expected waiting utility for various alter-

native attractive runs r at stop i is given as

EUhi(a
r
i ) =

∫
uλ(ari )dD(ari ) =

∫
d(ari )u

λ(ari )da, (11)

where D(ari ) and d(ari ) are cumulative distribution and probability density function.
In this scenario, we evaluate the possible delay or waiting time at potential stops i for
feasible path h using equation 7.

Figure 15. Delay (actual departure time delay) distribution at stop i assuming vehicles must wait at stop if
arrival time at stop i is less than the SDT at stop i.
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The results of the impact of varying the risk-tolerance coefficient λ on the travelers’
utility Uλ is presented in Table 3. The recommended vehicle run (strategy) at each
stop for a given λ is the attractive run (AR) that results in the maximum utility from
that stop to destination.

Table 3. Results of Hyperpath with Uλ for selecting minimum risk path at a given stop considering

travelers degree of risk-tolerance.

Uλ

SID SS AR DT LDT 0.2 0.4 0.6 0.8 1.0
1 10 5501 6:00 -3.008 -3.004 -3.003 -3.002 -3.002

10 5502 6:12 6:12 -3.005 -3.003 -3.002 -3.001 -3.001
2 10 4403 5:52 5:52 -3.806 -3.803 -3.802 -3.802 -3.801
3 4 5502 (tf) 6:03 6:02 -3.108 -3.104 -3.103 -3.102 -3.102

6 4403 (tf) 5:25 -4.405 -4.403 -4.402 -4.401 -4.401
4 10 5501 6:06 -2.608 -2.604 -2.603 -2.602 -2.602

10 5502 6:17 6:17 -2.408 -2.404 -2.403 -2.402 -2.402
6 4403 (tf) 5:35 -4.105 -4.103 -4.102 -4.101 -4.101

5 4 5501 5:50 -6.508 -6.504 -6.503 -6.502 -6.502
4 5502 6:07 6:07 -6.208 -6.204 -6.203 -6.202 -6.202
6 4403 5:52 -6.708 -6.704 -6.703 -6.702 -6.702
6 4403 (tf) 5:48 -3.706 -3.703 -3.702 -3.702 -3.701

6 10 4403 6:02 6:02 -3.011 -3.006 -3.004 -3.003 -3.002
7 6 4403 5:48 5:48 -7.811 -7.805 -7.804 -7.803 -7.802
8 10 5501 6:12 -2.016 -2.008 -2.005 -2.004 -2.003

10 5502 6:27 6:27 -2.044 -2.022 -2.014 -2.011 -2.008
9 10 4403 6:22 6:27 -1.700 -1.650 -1.633 -1.625 -1.620
10 − − − 6:30 − − − − −

SID: Stop ID, SS: Successor Stop, AR: Attractive Run, DT: Departure
Time, LDT: Latest Departure Time to ensure arrival within PAT, tf :Transfer.

Finally, we present a comparison between the path suggestions using the proposed
utility function and the trip planner from MBTA. We evaluate path options for risk-
tolerance coefficients λ = 0.2 and 1.0. The preferences of USER1 concerning sidewalk
conditions is assumed for the evaluation. The origin and destination of the traveler is
shown in Figure 16. Performing a simple query using the MBTA trip planner with a
PAT of 6:30 AM, we receive a suggested sidewalk path (red dashed line) to the nearest
stop 6 with a distance of 0.3 mi and boarding transit vehicle on route 43 outbound to
the final destination stop 10 as optimal. The estimated utility for the traveler with λ
= 0.2 and 1.0 is -3.033 and -3.010 respectively.

In contrast, the suggested path option from our proposed framework considering
sidewalk preference and inconvenience due to travel time uncertainties (λ = 0.2),
resulted in a sidewalk path (black dashed line) with a distance of 0.4 mi and boarding
transit vehicle on route 43 outbound. The estimated travelers’ utility for this path is -
2.098. Also, for traveler with λ = 1.0, we observe the same sidewalk path (black dashed
line) with a suggestion of connecting with the transit vehicle on route 55 outbound,
transfer at stop 4, and connecting with the transit vehicle on route 10 outbound. The
estimated travelers’ utility for this path is -2.088. No definite conclusion can be made
about the benefits of using our developed framework over the existing trip planners
(e.g., MBTA), mainly because the MBTA option had a lower estimated travel time of
14 min compared to our models’ estimated travel time of 15 min (λ = 0.2) and 19 min
(λ = 1.0). However, we acknowledge that integrating the personalized sidewalk path
option that considers the travelers’ PAT at the final destination will serve vulnerable
road users who are mostly limited in their social activities due to mobility concerns.
In addition, integrating the inconvenience the travelers are willing to experience may
provide a more rational route/path to a traveler’s attitude to on-transit delays since
MBTA does not integrate possible in-vehicle travel time uncertainties.
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Figure 16. Routes used in evaluation. OB: OUTBOUND.

5. Conclusions and Future Work

This study develops a framework for improving the benefits of multimodal trip plan-
ners considering the preference of vulnerable road users on first- and last- miles (e.g.,
sidewalk) and on-transit travel time, which has been neglected in commercial trip
planners. The study presents the impact of (1) a traveler’s preference in a sidewalk ac-
cessibility measure in first-and last-mile sidewalk scenarios, and (2) the inconvenience
due to in-vehicle travel time uncertainties a traveler is willing to experience on finding
an optimal path in a public transportation setting. The priori estimates of uncertainty
profile (mean and variance of IVTT) of the links and routes between an origin and
destination are computed from retrospective GTFS data. An approximation of the
exponential function to the mean-variance utility function is presented and used in
evaluating the travelers’ risk-tolerance to in-vehicle travel time uncertainty. The risk
tolerance coefficient is used to model the extent of inconvenience the traveler is willing
to experience. Although we do not make a definite conclusion about the benefits of
using the developed framework over the existing trip planners, we acknowledge that
integrating the personalized sidewalk path option that considers the travelers’ PAT at
the final destination will serve vulnerable road users who are mostly limited in their
participation in social activities due to mobility concerns. In addition, integrating the
inconvenience the travelers are willing to experience may provide a more rational path
to a traveler’s attitude to on-transit delays by considering the in-vehicle travel time
uncertainties.

In the future research, we will consider an extension to several modes such as bicy-
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cles, scooters, rideshare (e.g., Uber), etc., in the first/last mile scenarios and consider
the travelers’ risk-tolerance to the specific mode. Also, we will consider the solution
to the equilibrium transit assignment problem through the risk-tolerance formulation.
That is, develop an assignment of travelers in the transit network by considering the
inconvenience due to in-vehicle travel time uncertainties they are willing to experience.
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Appendix A. Proof of mean-variance approximation

f(IV TT ) =
1

σ
√

2π
e−

1

2( IV TT−µσ )
2

(A1)

The expected in-vehicle travel time utility is given by:

EU(IV TT ) =
1

σ
√

2π

∫ ∞
0
−e−λIV TT e−

(IV TT−µ)2

2σ2 dIV TT (A2)
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rewritten as:

=
1

σ
√

2π

∫ ∞
0
−e−

(
λIV TT+ (IV TT−µ)2

2σ2

)
dIV TT (A3)

we note for convenience that

λIV TT +
(IV TT − µ)2

2σ2
=

(
IV TT − µ+ λσ2

)2
2σ2

+ λ

(
µ− λσ2

2

)
(A4)

Substituting A4 into A3, gives

EU(IV TT ) = −e
−λ

(
µ−λσ2

2

)
σ
√

2π

∫ ∞
0

e−
(IV TT−µ+λσ2)2

2σ2 dIV TT (A5)

For all µ′

1

σ
√

2π

∫ ∞
0

e−
(IV TT−µ′)2

2σ2 dIV TT = 1 (A6)

The left hand side is the area under the density function over the entire support
when the mean is µ′ and the standard deviation is γ. This is so for any µ′ including
µ′ = µ− λγ2. We now write the expected IV TT utility as

EU(IV TT ) = −e−λ
(
µ−λσ2

2

)
(A7)

µ− λσ2

2
(A8)
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