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Abstract—Location and allocation of emergency response units
are assumed to be interdependent in the incident management
system. System costs will be excessive if delay regarding allocating
decisions is ignored when locating response units. This paper
presents an integrated method to solve location and allocation
problem of emergency vehicles on freeways. The principle is to
begin with a location phase for managing initial incidents and to
progress through an allocation phase for managing the stochastic
occurrence of next incidents. Previous studies used the frequency
of independent incidents and ignored scenarios in which two
incidents occurred within proximal regions and intervals. The
proposed analytical model relaxes the structural assumptions of
Poisson process (independent increments) and incorporates evolution of primary and secondary incident probabilities over time.
Interdependent ERUs location-allocation problem is solved by
taking stochastic information of future incidents explicitly into account with lookahead. The mathematical model overcomes several
limiting assumptions of the previous models, such as no waiting
time, returning rule to original depot, and fixed depot. The initial
nonlinear stochastic model is linearized. The temporal locations
flexible with lookahead are compared with current practice that
locates units in depots based on Poisson theory. An efficient heuristic algorithm is implemented to deal with time-consuming process
of a large-scale problem in real time.
Index Terms—Secondary incident, facility location problem,
allocation problem, stochastic programming, response units, incident probability, scenario reduction.

I. I NTRODUCTION

T

RAFFIC incidents cause one-quarter of the congestion on
US roadways, and every minute that a freeway lane is
blocked creates 4-minutes of delay [1]. An efficient control
of emergency response units (ERUs) greatly reduces injuries
and adverse impacts [2]. One way to enhance performance is
applying a mobile facility concept [3], instead of a fixed facility.
Once an ERU is assigned to an incident, the remaining ERUs
can be relocated to better respond to future incidents.
To relocate ERUs in the current stage, dispatchers make a
decision without knowing which request will be occurring in
the future. One might relocate ERUs near the expected location
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of an emergency in the next stage [4]. This conventional model
assumes that a given number of independent and identically
distributed (IID) events occur over a time interval. However,
the events over a time interval are ordered combination (permutation) of emergency requests. Suppose a set of sequences
with the past request at site (2), current request at site (3), and
a next request at either site 1 or site 2. Let the probability of
incident at site 1 be 10% and at site 2 be 90%.


(2, 3)
1
2
σ=
.
(1)
(2, 3)
2
1
The traditional approach neglects three essential properties.
First, without consideration of the order, the dispatcher would
make a decision based on the anticipation of an incident at
site 2. This would lead to excessive response time if an incident
were to occur at site 1 before site 2. Such a scenario would
make the site 1 be served from resources farther away than
regularly assigned resources, or not be served until the closest
resource becomes available. Without an appropriate help, lack
of tools may cause an incident to block the traffic flow and
induce inefficiencies in the clearance operation.
Second, with a randomness assumption of the IID sequence,
reversible times make solutions of two different sequences the
same. However, the assigned probability for each sequence is
different when an initial incident provokes additional incidents,
which are referred to as secondary incidents [5], [6]. Even
though primary incidents at site 2 provoke secondary incidents
at site 1, the reverse (primary incidents at site 1) does not have
the same dependency. The probability distributions of the first
and the second sequence are different. This property will cause
the probability distribution of solution in Equation (1) to be
asymmetric.
Lastly, probabilities associated with each transition depend
on incidents earlier than the immediately preceding one. Previous studies take account of only a single step in the process.
However, when primary incidents occur in a sequence of time
intervals, the likelihoods of secondary incidents caused by each
primary incident are accumulated. The conditional probability
of a secondary incident in the future depends jointly on primary
and secondary incidents that have occurred during past and
present time stages. As a result, the probability of incidents
evolves over time instead of fixed 10% at site 1 and 90% at
site 2. The independent increments property of the IID process
(the numbers of occurrences counted in disjoint intervals are
independent of each other) does not hold on freeways with secondary incidents. An IID sequence rather fits into independent
occurrences such as, e.g., repeated throws of loaded dice. The
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cost associated with providing service to secondary incidents
will exceed the cost of original one due to capacity reductions
[7]. The potential effect of secondary incidents on emergency
response system has been overlooked.
In this paper, the statistical properties of future sequence of incidents are considered in generating scenarios. We lookahead
interdependent location-allocation of ERUs by taking stochastic
information of future incidents explicitly into account. Stochastic
programming hedges well against a wide range of scenarios in
which probabilities of a sequence of incidents are assigned. Importantly in stochastic programming, location decisions should
be made before the occurrence of a next incident. Even in the
case of similar primary incidents, different candidate secondary
incident locations are expected to have different delay times. This
problem fits well into the framework of stochastic programming, which includes uncertainty in primary and secondary incident occurrences. Stochastic optimization will provide a prompt
response to incidents and will play a crucial role in reducing
delay, fuel consumption, and pollutant emission rates.
The rest of the paper is organized as follows. We review
relevant previous studies about the emergency facility location
problem in the next section. In Section III, the structure of
incident process is introduced to generate scenarios. Section IV
shows the proposed formulation and linearization. Section V
presents numerical examples and sensitivity analysis. Conclusion and future researches are discussed in Section VI.
II. L ITERATURE R EVIEW
Determining where to locate response vehicles and how to
serve incidents are important decisions that arise in developing
ERU plans. While significant progress has been made in formulating and solving location and allocation problems, a number
of challenging theoretical and practical issues remain to be addressed. We focus on the discrete location problem since the response units are restricted to a finite set of candidate locations.
Several approaches have been proposed to solve deterministic, probabilistic, and dynamic problems of optimal facility
locations.
Earlier versions of the deterministic model are covering
theories, such as location set-covering problems introduced by
Toregas et al. [8]. The model provides coverage to all demands
within a pre-determined distance range. The maximal covering
location problem seeks the maximum population served within
a stated service distance [9]. This model was extended to account for the chance when a demand arrives at the system that is
engaged to serve other demands [10]. P-center models are equivalent to covering an area in the plane having p identical circles
where facilities are located at the centers of these circles [11].
On the other hand, a probabilistic formulation was proposed to overcome the limitations of the deterministic models.
P-Median models use the location of facilities on a network
to minimize the total weighted distance of serving all demand
[12]. The maximum availability location problem [13]. An upper bound was imposed on the probability that a call on demand
point does not receive immediate service [14]. To incorporate
the busy probability, queuing-based models consider customers
waiting for service in congested systems [15]. A spatial queuing
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model considers spatial and temporal demand characteristics
such as the probability that a server is not available when
required [16].
Location models have been applied to incident management
to find optimal locations of response units. An optimal deployment of ERUs depends on incident rate at marked locations, and
the consequent delay. Optimal beat structure and truck allocation assume that the probability of incident occurrences follows
a Poisson distribution [17]. A single incident rate, assuming
independence between two incidents, has been considered [18],
[19]. It assumes that all subsequent incidents are independent
of any previous incident, and have the exponential distribution.
However, the freeway degrades from primary-incident state to
secondary-incident state when a secondary incident occurs [20].
Crash risk is higher in the presence of an earlier crash [5].
Incidents frequently cause unexpected delay due to larger traffic
demand than reduced capacity [7]. After a primary incident
occurs, a bottleneck quickly forms queue and, the likelihood of
secondary incidents and associated delay increases. Although
emergency operators manage to handle a primary incident (i.e.,
the first incident) or an independent incident with this assumption, drivers suffer heavily when another incident, a secondary
incident (i.e., an incident within temporal and spatial impact
of a primary incident), occurs. However, Poisson process does
not consider dependencies in incident occurrences. Under traditional Poisson models, handling secondary incidents without
prompt response and clearance might critically hinder the efficient mitigation of incidents. Regardless of the initial response,
the serving time is greatly influenced by efficiency of responseunit arrivals and consequent clearance. In our stochastic model,
the probability matrix of a sequence of primary and secondary
incidents varies as each request arrives in real-time.
Compared to static models, dynamic models consider a
sequence of requests, which are revealed incrementally over
time. A mathematical model was proposed to deal with timedependent vehicle dispatching and rerouting [21]. Solutions
are computed one-by-one in an online fashion to minimize the
response time of emergency vehicles [22]. Dynamic double
standard models incorporate practical dimensions addressing
the dynamic nature of the problem [23]. The real-time relocation models take service-coverage when ERUs are dispatched
[24]. Dynamic relocation models pre-compute solutions in
anticipation of events in future stages [25]. Recently, an interesting problem of determining stochastic emergency vehicle
redeployment for an effective response to traffic incidents was
introduced [26]. The problem under uncertainty was treated
in a particularly elegant way by adjusting the scheduling plan
to reposition emergency vehicles in response to service calls.
In this study, we estimate the number of available servers by
comparing remaining time to clear the current incident and time
to next incident occurs.
Alternatively, Markov decision processes (MDP)s was used
on dynamic relocation of service units in early works [27], [28].
A tree-search heuristic was applied for approaching optimal
relocations to the Stockholm region in Sweden [29]. A MDP
approximates response time distribution and the distribution
of the number of busy ambulances to identify near-optimal
compliance tables [30]. Recently, a look-ahead scheme has
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been applied in ambulance locating models to approximate the
temporally accrued rewards and discounted probabilities [31].
However, the first order Markov decision process does not capture the conditional probability of future secondary-incidents
that depends on past and present incident occurrences. To the
best of our knowledge, previous studies assumed two incidents
are independent, without considering their spatial and temporal
dependencies. In our study, an analytical model is proposed to
relax the restrictive assumptions of previous models and reveal
the relationship between incidents at each site in a sequence of
time stages.
System costs will be excessive if delay regarding allocation decisions is ignored when locating response units. The
objective of the location-allocation problem is to accurately
capture the cost of multiple-stop routes within a location model
(see a comprehensive review and perspective on these models
[32]). This paper incorporates a realistic stochastic process
into the design of ERU deployment. Two decision levels are
integrated for the optimal deployment of response units: a location decision of response units before an incident occurrence,
and an allocation decision of response unit after the incident
occurrence. Potential delay caused by inefficient response to
secondary incidents is unknown until the primary incidents’
information is given. In response to secondary incidents taking
significant portion of traffic delays, emergency agency’s strategic concerns to responders have been growing. Fortunately,
scientific breakthroughs enabled us to develop thresholds as a
consistent definition of secondary incidents [5]. This paper uses
reliable traffic information (i.e., INRIX) and tracks each ERU
performance to easily accommodate real-time operations.
Another assumption of previous studies is a returning rule
that causes the response units to be dispatched from an original
location. This assumption may create an unnecessary trip to
the designated location and impose hard constraints for next
incidents that occur when an ERU is returning. In this study,
dispatched units stay at an incident site after the clearance of
the event instead of returning to their permanent or temporary
place, because the plan is re-generated in the next stage. The
new assumption can reduce the complexity of the model without hard constraints.

III. S TOCHASTIC P ROCESS OF I NCIDENT O CCURRENCES
A. Probability of Incident Occurrences
In this section, we introduce a stochastic process of future
stages of incidents. Each sequence of incidents is a scenario represented by a matrix, with an expected probability. Identification of secondary incidents are based on the previous study [5].
The incident occurrence includes accumulated probabilities
of secondary incidents in future steps, in which the impact of
primary incidents overlaps. In general, a secondary incident
may occur during the clearance or recovery of a primary incident. Therefore, we lookahead two future stages. For example,
the conditional probability of a secondary incident at site 2 at
the first future-stage may depend on the probability of a primary
incident at site 1 during the past and site 3 during the current
stage; at the second-future stage may depend on the probability

Fig. 1. Stochastic process of incident occurrences (two future stages).

of a primary incident at site 1 and site 3 during the current stage
(Fig. 1).
Let τ (i, r) be the normalized probability of incidents (probability of incidents at site i over for all locations (i ∈ H) in one
stage) for each stage r. The expected probability of incidents
E[τ (i, r)] for each site (i = k) and stage (r = u) is a sum of
p
p
s
and P rk,u
. P ri,r
denotes corresponding probability of
P ri,r
primary and independent incidents at site i during stage r, and
s
denotes corresponding probability of secondary incident
P rk,u
occurrences at site k during stage u.
p
s
E [τ (i, r)] = P ri,r
+ P rk,u

for i = k, r = u.

(2)

p
First, we use the Poisson process [2], [17] to define P ri,r
because primary and independent incidents satisfy the IID
assumption. Let parameter λ be the average number of incidents
on a freeway network in a given continuous time interval
T . We assume that subintervals, times between successive
incidents, are exponentially distributed. An empirical analysis
[18] presented inter-arrival time of incident on I-695 follow
exponential distributions. They presented 8 incidents morning
peak hour, one incident every 18 min, and 20 min average
incident duration. The same freeway corridor (I-695) is used
in this study. The average of subintervals is T λ−1 (with the
variance T λ−2 ). The discrete random incidents are assumed
to be Poisson distributed with incident rate λri indicated by
X ∼ Poisson(λri ). Using probability mass function where the
count of incidents is one, normalized probability of incident
occurring at location i for each interval r is

−1

p
r −λri
r −λri
λi e
∀ i, r.
(3)
P ri,r = λi e
i
s
is
Second, the probability of secondary incidents P rk,u
p
a function of P ri,r conditioned on severity (Ω: number of
blocked lanes, collision with injuries or property damage) and
traffic condition at upstream (Δ: difference in speed before and
after incident occurrence) of a primary incident. These are used
as the main influential contributors for secondary incident occurrences [5]. Each primary incident at site i during stage r has
different impact on future secondary incident occurrences. We
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introduce an indicator function, I(Ω, Δ)(i,r)(k,u) , that equals 1
if a primary incident at site i during stage r causes a secondary
incident at site k during stage u, and 0 otherwise. The primaryincident density ratio δ(Ω, Δ)(i,r)(k,u) is defined to measure
relative difference ratio and is not equal to 0 only when an
interrelation between incidents exists. For example, in Fig. 1,
p
s
to P r2,1
is I(Ω, Δ)(3,0)(2,1) = 1. With
the bold line from P r3,0
introduced parameters and variables, we propose the probabils
ity of secondary incidents P r(k,u)
in an explicit form:

p
s
=
δ(Ω, Δ)(i,r−1)(k,u) P r(i,r−1)
P rk,u
i

+



p
δ(Ω, Δ)(i,r−2)(k,u) P r(i,r−2)
. (4)

Fig. 2. The concept of pure clearance time [5].

i
s
from Equation (4) to Equation (2).
Now, we insert the P rk,u
Suppose we are interest in incidents at site 2 in the first futurestage. The expected probability of incidents is:

p
p
+
δ(Ω, Δ)(i,0)(2,1) P ri,0
E [τ (2, 1)] = P r(2,1)
i

+



p
δ(Ω, Δ)(i,−1)(2,1) P ri,−1
. (5)

i

The probability of each scenario composed of a sequence
of incidents is introduced in a matrix form. Suppose there is
a past incident at site 2 and a current incident at site 3. The
combinatorial of future incidents (during r + 1 at site i, r + 2
at site j) produce i × j scenarios with probability p(i, j).
r−1
1
(2)
3
·
·
·
m

r
⎡
p(1, 1)
1
⎢p(2, 1)
2
⎢
⎢p(3, 1)
(3)
r + 1⎢
⎢ ·
·
⎢
⎢ ·
·
⎢
⎣ ·
·
p(i, 1)
m

p(1, 2)
p(2, 2)
p(3, 2)
·
·
·
p(i, 2)

r+2
·
·
·
·
·
·
·
·
·
·
·

·
·
·

·

⎤
p(1, j)
p(1, j)⎥
⎥
p(1, j)⎥
⎥
⎥
⎥
⎥
⎥
⎦
p(i, j)
(6)

The scenario space ij(= ω) is divided by two cases with probability that 1) a single incident occurs at each site: p(∀ i = j) and
2) two incidents occur at the same site: p(∀ i = j) = 1−p(∀ i = j).
Given the information that incidents already occurred at site 2
and site 3, the expected probability of scenarios (Pω ) is:
⎡
⎤
p(1, 2) = E [τ (1, 1)] × E [τ (2, 2)]
⎢p(2, 1) = E [τ (2, 1)] × E [τ (1, 2)]⎥
⎢
⎥
⎢p(1, 3) = E [τ (1, 1)] × E [τ (3, 2)]⎥
⎢
⎥
⎥
Pω = p(∀ i = j) × ⎢
·
⎢
⎥
⎢
⎥
·
⎢
⎥
⎣
⎦
·
p(i, j) = E [τ (i, 1)] × E [τ (i, 2)]
⎤
⎡
p(1, 1) = E [τ (1, 1)] × E [τ (1, 2)]
⎢p(2, 2) = E [τ (2, 1)] × E [τ (2, 2)]⎥
⎥
⎢
⎢p(3, 3) = E [τ (3, 1)] × E [τ (3, 2)]⎥
⎥
⎢
⎥ (7)
+ p(∀ i = j) × ⎢
·
⎥
⎢
⎥
⎢
·
⎥
⎢
⎦
⎣
·
p(i, j) = E [τ (i, 1)] × E [τ (i, 2)]

Note that the IID sequence assumes p(1, 2) and p(2, 1) are
same. However, it is obvious from the equation that their
expected probabilities are different (E[τ (1, 1)] × E[τ (2, 2)] =
E[τ (2, 1)] × E[τ (1, 2)]).
B. Expected Clearance Time
The server availability is an important component of the ERU
deployment model. If expected available time of a busy ERU is
earlier than expected occurrence time of the next incident, we
can include that ERU to be one of available servers. This section
extracts clearance time for each location to be used as an input
parameter in Section IV.
Clearance time has a significant influence on total delay [7].
For example, total delay, Di , for each incident location i can
be estimated using variables considered in Highway Capacity
Manual 2010: traffic flow rate qi ; reduced capacity (i.e., during
the response time Ri to incident site i and normal clearance
time N Ci of the incident) si  ; and the normal capacity, si (i.e.,
during recovery). Since the total delay is a convex function of
incident duration, the average delay for all vehicles affected by
the incident is defined as the total delay divided by the total
number of affected vehicles:
Di = (Ri + N Ci )

qi − si 
2qi

(8)

Uncertainty of incident clearance duration is another major
challenge in quantifying the impact of incidents [33]. Especially, the response delay to incidents is unknown. While existing studies considered response time to be the time between
when the responding agency is notified and when the first
response-unit arrives at the scene, arrivals of the secondary
response units, e.g., Coordinated Highways Action Response
Team (CHART), fire-board, and towing, have significant influence on clearance operation (Fig. 2). In our optimization model,
the main source of delay is the sum of response time, response
delay, and clearance time. We need a clearance time that is
separated from traditional definition.
Potentially delayed clearance can be modeled by integrating
delay-type with normal clearance time. A test [5] reveals that
time to clear the incident is significantly longer when combination of response units are delayed. Instead of the original delay
graph, a new figure presents the concept of pure clearance time.
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TABLE I
F ORMULATION N OTATION TABLE

We define βiη as an indicator of response delay (categorized
for each type η: 1 = no delay, 2 = CHART delay, 3 = other
response delay, 4 = CHART and other response delay, 5 = not
responded by CHART), to extract pure clearance time Ci
(when η = 1) from traditional normal clearance time N Ci at
each location i,
Ci = N Ci βiη

(9)

In our optimization problem, the clearance time without delay is used as an input to minimize the total delay. For example,
when we have the delay type (β11 = 0.68) at location 1, the
value of clearance time purely depends on the characteristic of
incidents (C1 ) which is 68% of normal clearance time (N C1 ).
In this way, we have less chance of overestimating clearance
times. Our main goal is getting required ERUs to the incident
site as quickly as possible to reduce total incident-induced
delay. Details are presented in [5].
IV. S TOCHASTIC ERU D EPLOYMENT M ODEL
A. Formulation
In an incident management system, the planning decision for
locating ERUs needs to be made before the uncertainty is revealed. These decisions, mainly to deal with primary incidents,
can be adjusted depending on the actual realization of uncertain parameters. If an incident in the past stage has not been
cleared yet (depending on response and clearance), response
to incidents in the present and future stages will be delayed.
By considering the response delay, serious underestimation of
incident duration that commonly appears in traditional models

is prevented. We construct a stochastic programming model to
distinguish different natures of primary and secondary incidents
and to allow recourse for allocation decisions to deal with
secondary incidents.
Under standard two-stage stochastic programming paradigm,
the first-stage decision has to be made before realization of
system uncertainties. The second-stage decisions are allowed
to have recourse after a random incident occurs and affects the
outcome of the first-stage decision. A recourse decision made
in the second-stage is typically interpreted as corrective. Since
the recourse decision is scenario-dependent, the second-stage is
also a random variable.
Random events are represented by a finite, discrete set of
realizations of scenarios. We consider two major sources of uncertainties, occurrence of the incidents and the locations of the
incidents. In this study, ERUs are distributed to their designated
locations before detection of an incident. After clearance of
that incident, the ERU will remain at that location until the
next incident occurs. This assumption is justified because of the
probability of a secondary incident happening in the vicinity
of the incident. We want the response units to be as close as
possible to the incidents to minimize the travel time to the next
incident.
Our objective is to make a location decision to minimize
the expected delay of all scenarios. Constraints are assignment,
starting time of clearance, serving time, and variables. For convenience, Table I summarizes all notations used in the model
formulations.
We formulate the ERU location-allocation problem as follows. The goal of the objective function (10) is to optimally
locate ERUs by focusing on total delay as a function of waiting
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time until an ERU becomes available, travel time of the responding units from assigned location to incident site, and the
clearance time of that incident.

minimize z =
Pω doω
(10)
ω

o

The first group of constraints presents rules for assignment
of ERUs. Constraints (11) ensure that for each scenario ω and
vehicle n, no incident o can be assigned as the jth job unless a
previous incident p(< o) is assigned as the (j − 1)th job.

aonjω ≤
apn(j−1)ω ∀ ω, n, o, j = 1
(11)
p<o

Constraints (12) are in charge of ensuring that in each scenario, ω, at most one incident can be assigned as the jth job for
each vehicle, n.

aonjω ≤ 1 ∀ ω, n, j
(12)
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The third group of constraints ensures serving time of each
incidents. Constraints (18) and (19) define the starting and
clearance times for each incident under each scenario, regardless of the vehicle covering it.

svonjω × aonjω ∀ ω, o
(18)
soω =
n

coω =

j


n

cvonjω × aonjω

n

j

Constraints (14) are added so that multiple similar solutions
would not occur.
a111ω = 1

∀ω

(14)

Constraints (15) are enforcing that each vehicle has exactly
one origin (starting).

xin = 1 ∀ n
(15)
i

The second group of constraints shows starting time of each
incident. Constraints (16) ensure that the starting time for the
first job of each vehicle, under each scenario, is at least equal to
the travel time of going from the vehicles origin to the location
of the first assigned incident.
svonω × aon1ω ≥



T TiLoω × xin × aon1ω

svonω × aonjω ≥ Hoω × aonjω

+
T TLpLo × apn(j−1)ω
p<o
19
− Moω
× (1 − aonjω )

∀ ω, o, n, j = 1
(20)

Constraints (21) and (22) ensure that the serving time of an
incident cannot start unless the vehicle in charge of serving that
incident has finished its previous job.
20
svonjω × aonjω ≤ Mo,ω

×
fpn(j−1)ω ∀ ω, o = 1, n, j = 1

(21)

p<o

cvonjω × aonjω − svonω × aonjω − CDLo × aonjω
21
+ ε × aonjω ≤ Mo,ω
× fonjω

∀ ω, o, n, j
(22)

Constraints (23) are for finding the earliest time an incident
can be cleared.
coω ≥ soω + CDLoω ∀ ω, o

(23)

The last group of constraints presents delay calculation based
on above constraints and condition of each variable. Constraints
(24) define the delay for an incident.
coω − Hoω = doω ∀ ω, o

(24)

Constraints (25) define non-negative and binary variables.

i

+ Hoω × aon1ω ∀ ω, o, n. (16)
Constraints (17) ensure that for each scenario, ω, the starting
times for the next jobs (j > 1) should be at least greater or
equal to the travel time of going from the previous job to the
current job plus the clearance duration of the previous job.

svonω × aonjω ≥
T TLpLo × apn(j−1)ω
p<o

+

(19)

Constraints (20) ensure that each incident is not served any
sooner than when it happens.

o

Constraints (13) make sure that each incident is assigned to
one job of a vehicle.

aonjω = 1 ∀ ω, o
(13)

∀ ω, o

j



cvpn(j−1)ω × apn(j−1)ω

p<o
16
− Mo,ω
× (1 − aonjω ) ∀ ω, o, n, j = 1.
(17)

fonjω , aonjω ∈ {0, 1} ∀ ω, o, n, j
xin ∈ {0, 1} ∀ i, n

(25)

In the presented formulation, constraints (16)–(22) have nonlinear terms (bolded). The solution procedure used for solving
this problem is branch and bound. In branch and bound, at
each node, we solve the linear programming relaxation of the
problem by relaxing the integrality constraint for the integer
variables. For this relaxation, if the program is not a linear program, it cannot be solved in polynomial time using algorithms
that find the optimal solution. We transform the ERU locationallocation problem (a non-linear problem) into an equivalent
linear programming problem (see Appendix).
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We find the optimal solution for the important linearization that is proven not to cut off the optimal solution. In the
Appendix, we address the problem of selecting an appropriate
big-M. To prevent numerical issues and improve the solution
time, it is the best practice to select the big-M as small as
possible. Looking at the structure and inputs to the model, we
have stated the value each M should assume for each constraint.
B. Heuristics for a Large Scale Problem
As we lookahead more future stages on a larger network, the
problem size increases. The computational effort for solving
scenario-based method depends on the scenario size. This paper
is dealing with a complex stochastic problem with large number
of constraints and variables. For example, suppose 3 stages
on the freeway network with 2 ERUs on 17 nodes. Even
though we linearize the non-linear terms, we have a matrix
with columns more than 10 × 173 × 2 × 3 × 3 (variables ×
scenarios × ERUs × order × job), and rows at least 173 × 3 ×
16 (scenarios × order × constraints). There may be some efficient heuristics, but this paper focuses on a fast scenario
reduction method to meet real-time requirements.
A particularly efficient implementation of the algorithm is
a fast forward selection [34]. Starting from the original set of
scenarios Γ and set of scenarios to be selected |S| and deleted
|J|, we select one scenario reclusively. The algorithm produces
[0]
[1]
[i]
[∗]
a reduced set of scenarios ΓS , ΓS , . . . , ΓS , . . . , ΓS , where
[∗]
the set ΓS is the target of the search. Note that one of the main
contributions of this study is the different ordering of incident
sequences. To make r stages of ordering numerically tractable,
we multiply r! cases of sequences (permutation) by required
number of scenarios ω. To select total representative scenarios
(ω × r!) out of N , we implement the following procedure:
• Step 0: Before starting the process, the initial step consists
in computing the delay dω (For simplicity, we know which
incident o causes delay doω ). We solve each scenario independently as a deterministic case (very fast) and calculate
the severity of each scenario as the total delay for that
particular scenario. Suppose we have a goal of reduced
set of 50 scenario (×6 for full combinatorial in 3 stages)
among N , the value of dω can be conveniently arranged
into a systematic matrix,
⎡
⎤
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·
·
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⎦
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• Step 1: Compute delay for each scenario ω, and select ω
that minimizes distance D between the reduced sets ΓS
and original sets Γ. The starting scenario can be obtained
from


Pω dωω
(27)
Dω = arg min
w∈Γ

Fig. 3. Spatial distribution of incidents on I-695 freeway.
[1]

[1]

If ω = 3 is selected, then ΓS = {3} and ΓJ = {1, 2,
. . . , 289}.
• Step i: Update delay matrix as follows:
[i]

[i−1]

dωω = min{dωω , d[i−1]
ωωi−1 },

∀ ω, ω  ∈ ΓJ

[i−1]

Considering new delay matrix, we select Dω ∈ arg
[i]
minω∈Γ[i−1] Dω .
J
• Step i + 1: Optimally redistribute probabilities. The new
probability of a preserved scenario is equal to the sum of
its formal probability and of all probabilities of deleted
scenarios that are closes to it. All deleted probabilities
have probability zero.
The interested reader may refer to [34] for further information about the algorithm.
V. N UMERICAL E XAMPLES
A. Illustrative Case Study
The case study site is the Baltimore Beltway (I-695) extending around Baltimore, Maryland, USA. It is a 51-mile segment,
with 40 exits, and intersects with other major roads (e.g. I-97,
I-70, I-83, etc.). Interested readers can vary the distance to test
different sizes in any freeway network. Traffic operation center
4 (near Exit 34) covers selected routes including I-695 (Fig. 3).
There were 4 field operation patrol units available for AM peak
hours on weekdays until 2014.
Potential locations for the ERUs are the exits (treated as
nodes) where incidents occur. We control the potential locations
of emergency requests by clustering historical frequency of
incidents. Two different network sizes (i.e., 17 nodes, 34 nodes)
are generated by grouping incidents less than 1.9-mile apart and
less than 1.3-miles respectively.
The case study presents a ring shape network where two
route exists for each trip. The proposed model can be applied to
a complex freeway network in which more than two routes exist
for each allocation. In that case, interest readers can choose
the fastest route using a shortest path algorithm and change the
travel time input of a ERU [2], [22].
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In total, 1,981 primary and independent incidents (e.g., disabled vehicles, collisions, vehicle on fire) during the morning
peak hour (i.e., 6:30–9AM) for 1 year (i.e., from October 2012
to September 2013) are collected (i.e., 261 weekdays) along
the I-695 corridor. As a result, an average of 7.7 (λ) incidents
occurred in each 150-minutes period per day. Based on incident
locations, the travel speeds of probe vehicles are represented on
traffic message channels codes of each segment. The archived
incident and probe vehicle database are provided by the Center
for Advanced Transportation Technology Laboratory at the
University of Maryland.
The proposed incident model (Section III) is incorporated
into the generation of scenarios. Response units need an average
of 19.8 min to clear an incident after it is detected (i.e., incident duration). To respond to another incident, response units
travel from previous incident location to another location after
notification. However, another incident has a high potential
to be pending without appropriate response units, because the
general tendency of the occurrence rate of incidents is one per
every 18.5 min. Therefore, we break the morning peak hours
into exponentially distributed intervals (mean 18.5 min). For
an efficient emergency system, waiting time for the current
request can be reduced with quick response in the previous
request. Every time a request arrives, we lookahead two future
stages. Secondary incident probabilities vary greatly during the
clearance or recovery of primary incidents. For the comparison
of computational performance and efficiency, we also extended
lookahead setting from two to three future stages.
If next emergency occurs before previous emergency vehicle arrives at the destination, we can re-run the model with
shifted sequences and choose a better solution. The new model
considers updated probability of incident and real-time traffic
information. However, as shown above, major incidents are less
likely to occur concurrently over a short time period.
Clearance times are categorized with different delay types
and locations. For example, the exit 5(i = 1) has average clearance duration (N C1 ) of 19.6 min with following parameters:
β11 = 0.68, β12 = 0.94, β13 = 1.05, β14 = 1.35, β15 = 0.98. As
an input to the optimization model, pure clearance time (C1 =
13.4 min) is estimated for exit 5 without response delay. The
same delay type (e.g., βi2 , η = 2) varies for different location
i with coefficient of variation (0.43) that is the ratio of the
standard deviation (0.42) to the mean (0.96). This variation in
delay presents more non-uniformly distributed response delays
on the network.
We test the model in two networks with different sizes (i =
17, 34). The main goal is to generate future stages of incident
scenarios given information of past and current incidents (Ω:
number of blocked lanes, collision with injuries or property
damage only) and traffic condition upstream (Δ: difference
in speed before and after incident occurrence) of primary incident [5].
We build a total of ω scenarios. For example, Table II
presents 17 × 17 scenarios as a combinatorial of two future
incidents (during stage 1 at site i = 17 and stage 2 at site
j = 17). Suppose we estimate parameters based on the past
incident which occurred at exit 11 (δ(Ω, Δ)(exit 11,−1)(k,u) =
0.207, Ω = 2 lanes blocked, collision with injuries; Δ =
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TABLE II
P ROBABILITIES OF S CENARIOS ON A T REE S TRUCTURE

30 mph speed difference), and the current incident at exit 5
(δ(Ω, Δ)(exit 5,0)(k,u) = 0.098, Ω = 1 lanes blocked, collision
with property damage; Δ = 10 mph speed difference) have
occurred. Based on the location of past and current incidents
and the consequent traffic, we update the density in real-time.
In the same logic, we estimate the expected clearance time [33].
B. Results
Our computational implementation of the formulation involves coding and solving Xpress on a computer with 2.6-GHz
CPU and 32-GB RAM. Since our problems are formulated as
Mixed Integer Programs (MIP) reaching the optimal solution
is time consuming. In most cases, running time was less than
30 sec to get the near-optimal solution with a gap less than 1%.
However, for 3-stages and 2-vehicle or 3-vehicle cases, we
terminated most of the problems after 1400 seconds or 20%
gap, since no significant improvements were observed after running the code more than that time. Starting from one available
ERU vehicle, multiple ERU vehicles are tested to analyze the
sensitivity of the optimal solutions and to find the number of
vehicles after which increasing the vehicles will only improve
the solution marginally.
Table II shows conditional probabilities that are calculated for
each scenario in the example of 2 stages and 17 nodes. The expected probability of scenarios (Pω ) ranges from 0.001 to 0.041
(average probability of a scenario is 0.013). For example, the
probability of the first scenario, P1 , p(5, 7) = E[τ (exit 5, 1)] ×
E[τ (exit 7, 2)], is 0.009. Note that the probability of the scenario #17 is 0.011 which is 0.002 larger than first one. Since
we have 289 scenarios, each assigned probability is small.
However, the difference (0.002) is 23% of the first scenario
(0.009), and this difference may change the optimal solution of
the problem. The transition probabilities vary in real-time when
next incident occurs, and we re-execute the optimization model.
Before an incident occurs, we pre-locate ERUs at the optimal
locations with look-ahead. After an occurrence of an incident
Qi and an assignment of one of pre-located ERUs, a better
deployment system is made. At each point, the program updates
current traffic condition, response and clearance status of the
incident and ERU information such as the current location, the
route to be taken, the destination, the time to have the next
stage, the current stage, and the next proposed stage. With a new
traffic condition (Δ) and incident severity (Ω), we update the
probability of incident occurrences. These variables are used to
estimate expected clearance of incidents Ĉi [33]. We relocate n
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TABLE III
T HE P ERFORMANCE OF THE P ROPOSED M ODEL
(D IFFERENT N UMBER OF ERU V EHICLES )

ERUs if the expected clearance Ĉi of Qi is earlier than next call
(Q + 1)i , or n − 1 ERUs if clearance is later than (Q + 1)i .
The illustrative example relocates ERUs after an occurrence
of incidents. While the previous literature has only considered
travel time of ERUs, we calculate total delay time as sum of
travel time, response delay, and clearance time. Our model
explicitly models the response delay when a server has not
finished the clearing job yet. We test the performance of the
emergency response model on two different sets of probabilities
with maximum travel time. We obtain solutions for scenarios
without considering secondary incident on freeways, and insert
this solution into real-world scenarios with secondary incidents.
When we have one or two available ERUs, the solution of two
approaches are same. However, as more ERUs become available, the benefit of considering the probability of secondary incident becomes important. With 0% gap, the optimal objective
function value (total delay time), was 58.69 min without consideration of secondary incidents (at 11, 18, 29). This is worse than
the solution if the locations were 11, 11, 27 (objective value =
57.13 min).
In the previous study [26], the travel time of ERUs were dependent on the traffic condition. The emergency medical service
act of 1973 stipulates that 95% of service request be met within
the required time [14]. However, in many cases, even though
police units had been dispatched to the scene, the left lane can
be blocked until available emergency units arrive. Maryland’s
“clear the road” policy provides ERUs (well-equipped vehicles)
for the rapid removal of vehicles from the travel lanes rather than
waiting for a private tow service. The proposed model repositions single type of ERUs to the best locations to serve future
incidents. Most parts of United States and Canada enforce the
“move over laws” that require motorists to move to the farthest
roadside and stop, until the emergency vehicle has passed the
vicinity. We consider freeway networks that have enough space
on right lane/shoulder, which are less likely to be influenced by
severe traffic congestions. However, emergency vehicles still
expect delays waiting for other traveling vehicles to become
aware of their presence and yield. We explore both minimum
(free-flow traffic) and maximum (congested traffic) response
time as an input to the model (Table III).
For cases with one ERU considering probability of secondary
incidents, clearance of the second incident starts after waiting

from previous service (9.84 min) and traveling to incident site
(12.31 min). Including the actual clearance duration (17.51),
total delay is 39.67 min. As ERUs become more available,
waiting and travel times are less. An efficient response has an
influence on later stages of response delay. While the minimum
expected total delay with one ERU ranges from 27.68 min
to 39.67 min, three vehicle case has a much lower value
that ranges from 25.72 min to 27.68 min. For one available
ERU, maximum expected delay is 1.31–1.36 times longer than
minimum expected delay. As we have more available ERUs, the
discrepancy between minimum and maximum delay becomes
smaller (i.e., 1.26–1.28 times for 2 ERUs and 1.17–1.13 times
for 3ERUs). This is due to the impact of traffic condition on the
travel time of response vehicles. The real emergency response
would be between somewhere in the free-flow and congested
condition.
Fig. 4 shows the optimal solutions for each scenario based
on the travel time under real traffic conditions (three ERU
vehicles). We have considered response delay and clearance
time compared to previous study. Response delay and clearance
time take a larger portion (72.1%) of the incident management
process compared to travel time only (27.9%). Our model
further saves potential response delay because we have the
assumption that ERUs stay current incident site instead of
returning back to their originally assigned locations. If we add
the return travel-time, the total delay time will increase with
more response time to serve the next incident.
The test problems are designed to evidence the significant
effect of the efficient allocation in the problems. Generally, the
optimality gap drops as the number of response units is increased from two. If we have a deterministic solution based on
expected value, the model will underestimate or overestimate
the solution in different scenarios due to lack of flexibility. The
scenario-based solution, on the other hand, generally provides
a better estimate of the objective function. The quality of solutions is highly dependent on the scenarios, from worst-quality
solutions to best solutions.
To gain further insight into the behavior of the model, we
compared solutions using different the numbers of response
units (Table IV). The response delay dropped from 81.68 min to
57.13 min as the number of response units increased from one
to three. This is because adding response units in the system
becomes more effective in reducing response delay. If a given
solution satisfies a threshold of response time for the overall
system, we can save on operational cost under a budget limit.
C. Discussion
We design a different experiment setup to compare the performance of the proposed model against the heuristic (scenario
reduction). We have different combination of parameters such
as nodes I, stages R, and number of ERUs U . Table V shows
the result of computation time (s) and gap (%) for each case
(No.). We reported the performance of the proposed model
depending on the available time for execution of the model.
We stop further execution after 1400 s or less than 20% gap of
the model and report the best found solution up to that point.
The main reason is that the first feasible solution is usually
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Fig. 4. Optimal solutions for each scenario.
TABLE IV
A SSIGNED L OCATIONS AND P ERFORMANCE

TABLE V
C OMPUTATIONAL P ERFORMANCES FOR THE P ROPOSED A PPROACH

found very fast (generally in less than 60 seconds). Most of the
running time of the model is devoted to proving that a solution
is optimal and only a small fraction of the running time is
devoted to finding better feasible solutions that only marginally
improve the previous best found solution.
As we have larger network size and more future stages, it
is more time consuming to run and it has more chance to fall
in the local optimum. In this study, we use the heuristic method
(fast forward selection) and the measure of the optimality gap to
justify the qualify of the solution. The optimality gap jumps as
the network size increases from 17 to 34, and as we increases
total stages from 2 to 3. Note that even the first case is very
complex with 32042 variables. For larger scale cases (No. 5,
6, 8, 9), the heuristic method reaches the optimality with less

than 20% gap within 60 s that can be used in real-time. These
cases have fewer iterations as a result of the convergence. On
the contrary, instead of quick solution, the proposed approach
find the optimal solution with less gap compared to the heuristic
solution.
The presented mathematical model can be applied to realtime problems. The operator communicates with responders
at each incident site by receiving messages or keeping track
of ERU’ locations. Notifications can include available ERUs,
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travel time, probabilities of primary and secondary incidents at
different node of the network.
The time to respond to an incident is relatively small compared to the time necessary to clear the incident. We dynamically incorporate position of ERUs in each stage, and this
formulation causes a high complexity. In a planning stage,
before an incident occurs, we can run the full model without
a restriction of computational times. In an operational stage,
after an incident happens at a node, a vehicle is dispatched to
serve that incident based on the planning stage decision. After
certain time intervals, the number of available vehicles and the
second stage scenarios are updated. We re-run our mathematical
model to relocate the remaining vehicles to be more prepared
for future incidents. Upon the clearance of the incident, the
ERU serving the incident is added to the available fleet, and
therefore we need to re-run the model based on the updated
parameters.
As we face later stages, the computational burdens are reduced. However, running the model iteratively is still more practical, and has reasonable solution times. One possible way to
reduce the running time of the model for real time applications
is decreasing the size of the problem. This can be done by
reducing the number of scenarios, or reducing the number of
future stages being considered each time we run the model. Another approach is to accept non-optimal good-enough solutions
by running the model as long as we are allowed. After the time
limit is met, we can report the solution and relocate the ERU
vehicles accordingly.

VI. C ONCLUSION AND F UTURE R ESEARCH
In this paper, we present an analytical approach for ERUs
location-allocation to protect the safety of victims, travelers,
and emergency personnel. Generally, traffic operators have
underestimated the impact of secondary incidents due to their
low frequency. Our model represents two main phases. The first
one is a location phase solved by a facility location problem that
allocates ERUs to respond to primary incidents. The second
phase is an allocation phase that deals with a series of stages
based on secondary incidents scenarios.
After an incident occurs, clearance activities cause vehicles approaching from upstream to reduce their speeds, and
emergency units responding to a secondary incident site take
longer to respond. Determination of the best solution without
considering stochastic nature of incidents has a limitation in
coping with uncertainty, and it might produce practically infeasible solutions. This study proposed an advanced strategy
for distributing incident response units by solving a stochastic
programming problem. As we demonstrate in a case study,
the proposed framework can be useful for reducing delay time
caused by response to secondary incidents occurring under
impact of primary incidents. We approach the problem from
a long-term perspective that the flexible location of ERUs can
be changed and is not fixed.
Our results indicate that the expected waiting time omitted
by previous studies can significantly impact the expected total
delay compared to the relatively short travel time of response

units. Allowing for flexibilities with secondary incidents decreases the expected total delay time compare to the solution without considering secondary incidents. As the number
of available emergency response units increases, shorter total
delay is expected. Further assignment of ERUs covering new
locations occurs by using information about the most promising
sites.
One of the challenges is generation of realistic incident scenarios. We can improve the model by allowing more than one
vehicle routing for each stage. By investigating the structure
of the transition probability of each stage, the scenario can be
generalized, and an estimation method can be developed. The
proposed model is executed in planning stage before occurrence
of an incident. A more efficient formulation can improve computation time and allow the use of the model in operation stage
for dynamic scenarios.
A PPENDIX
This approach enhances problem solvability by providing an
equivalent linear representation. We introduce new variables
and constrain these variables such that the new linear problem
is a tight estimation of the original problem and contains those
regions in which the global minimum exists [35].
For linearizing svonω × aonjω we have introduced a dummy
variable d1onjω and added two constraints (A.1) and (A.2):
d1onjω ≤ svonω ∀ ω, o, n, j
d1onjω ≤ M × aonjω ∀ ω, o, n, j

(A.1)
(A.2)

The objective of adding constraints (A.1) is to enforce
d1onjw to at most equal to svonw . Therefore d1onjw will be
capped by svonw , which was the initial objective of the linearization. By adding constraints (A.2), we ensure that d1onjw
will equal zero if aonjw equals zero. The correctness of this
type of linearization can be found in [14].
For linearizing the term, xin × aon1ω we have introduced a
dummy binary variable, d2onjω to equate that nonlinear term.
Constraints (A.3) are added as a result:
d2onjω ≥ xin + aon1ω − 1 ∀ ω, o, n, j

(A.3)

The purpose of constraints (A.3) is to bound d2onjw from
assuming the value of zero when both of the other two binary
variables (xin and aon1w ) assume the value of 1. In that case
we will have d2onjw ≥ 1 + 1 − 1 (d2onjw ≥ 1). Since d2onjw
is binary it will assume the value of one.
Selecting good values for the big-M parameters in constraints
(17), (20)–(22) can be a challenge. To prevent such unwanted
events, we present a range for the Big-Ms based on the input
parameters of the model (Table VI). It is advised to pick the
smallest number within that domain.
The objective is to minimize a function of delay whenever we
start serving the incident the fastest based on constraints (16).
The nonlinear term xin × aon1ω would always try to assume
the value of zero. By adding constraints (A.3), we prevent it
from assuming the value of zero whenever both xin and aon1ω
equal one.

PARK et al.: EMERGENCY RESPONSE LOCATION MODEL CONSIDERING SECONDARY INCIDENTS ON FREEWAYS

TABLE VI
T HE R ANGES FOR THE B IG -M S

To linearize cvpn(j−1)ω × apn(j−1)ω , we add a dummy variable d3onjω that is equal to nonlinear term through constraints
(A.4) and (A.5):
d3onjω ≤ M × aonjω
d3onjω ≤ cvonjω

∀ ω, o, n, j

∀ ω, o, n, j.

(A.4)
(A.5)

To linearize the nonlinear constraints we replace the nonlinear terms with their linear equivalents. The linearized constraints (A.6)–(A.12) are presented below:
d1on1ω ≥



T TiLoω × d2onjω

∀ o, n, ω

(A.6)

i

d1on1ω ≥



T TLpLo × aon(j−1)ω +

p<o

soω



d3on(j−1)ω

p<o

− M × (1 − aonjω ) ∀ ω, o, n, j = 1

=
d1onjω ∀ ω, o
n

coω =

(A.8)

j


n

(A.7)

d3onjω

∀ ω, o

(A.9)

j

d1on1ω ≥ Ho,ω × aonjω +



T TLp,Lo × apn(j−1)ω

p<o

d1onjω

− M × (1 − aonjω ) ∀ ω, o, n, j = 1
(A.10)

≤M ×
fon(j−1)ω ∀ ω, o = 1, n, j = 1 (A.11)
p<o

d3onjω −d1onjω − CDLoω × aonjω
+ × aonjω ≤ M × fonjω

∀ ω, o, n, j.

(A.12)
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